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We report on the theory and experimental generation of a class of diffraction-attenuation-resistant
beams with state of polarization (SoP) and intensity that can be controlled on demand along the
propagation direction. This is achieved by a suitable superposition of Bessel beams, whose param-
eters are systematically chosen based on closed-form analytic expressions provided by the Frozen
Waves (FWs) method. Using an amplitude-only spatial light modulator, we experimentally demon-
strate three scenarios. In the first, the SoP of a horizontally polarized beam evolves to radial
polarization and is then changed to vertical polarization, with the beam intensity held constant.
In the second, we simultaneously control the SoP and the longitudinal intensity profile, which was
chosen such that the beam’s central ring can be switched-off over predefined space regions, thus
generating multiple foci with different SoP and at different intensity levels along the propagation.
Finally, the ability to control the SoP while overcoming attenuation inside lossy fluids is shown
experimentally for the first time in the literature (to the best of our knowledge). Therefore, we en-
vision our proposed method to be of great interest for many applications, such as optical tweezers,
atom guiding, material processing, microscopy, and optical communications.
I. INTRODUCTION
The recent advances in spatial light modulators
(SLMs) and phase plates made it feasible to engineer
various characteristics of light beams, thus opening new
directions in light manipulation and structured light [1].
In most cases, non-diffracting beams have been deployed
due to their interesting self-healing property and long
Rayleigh range. The ability to engineer the character-
istics of such beams has addressed many challenges in
various fields. For instance, controlling the intensity dis-
tribution is an important feature in optical tweezers [2, 3]
and atom guiding [4]. Special phase distributions, such
as helical phase fronts, can be designed to apply torque
in micro-structures via the exchange of orbital angular
momentum (OAM) [5] and can also provide additional
degrees of freedom for optical communications [6]. In ad-
dition, the state of polarization (SoP) is of great interest
in many areas such as material processing [7], polarime-
try [8], microscopy [9, 10] and optical communications
[11, 12].
Non-diffracting beams typically maintain their SoP
with propagation. The ability to control the SoP of
non-diffracting optical beams along the propagation di-
rection is very intriguing, as such capability can poten-
tially be deployed in various applications. For example,
it can be used to spatially modulate the absorption pro-
file of polarization-dependent optically pumped medium
∗ Corresponding author: mateuscorato@gmail.com
† ahmed.dorrah@mail.utoronto.ca
[8]. It can also be utilized to tailor the spectrum profile
of quantum emitters (which are typically polarization-
dependent) over a given volume [13]. In addition, spa-
tially varying SoP can be used as an additional degree of
freedom to control the shape and size of laser-machined
structures by inducing a polarization-dependent ablation
effect along the structure (in waveguide writing, for ex-
ample, or to create a periodic structure) [14].
In this regard, few studies have demonstrated inter-
esting non-diffracting beams, generated in air, with SoP
that can vary continuously along the propagation direc-
tion [15–19]. The approach in Ref. [15, 16] relied on spec-
ifying a function φ(r), whose construction is based on ap-
proximate ray description of the beam range, given that
it is generated by an axicon lens. As such, achieving de-
sired variations in the SoP within exact prescribed space
intervals may require much experimentation and tailor-
ing of φ(r), which is not systematic and may be time-
consuming. The same limitation arises in the methods
proposed in [17, 19], which are based on similar proce-
dures and do not provide a systematic recipe to design
the required beam. The proposal in Ref. [18], although
provides a more methodical procedure, is more limited
in terms of SoP control, as it only allows for trajectories
along geodesics of the Poincare´ sphere. Hence, special
polarizations that were possible in the other methods,
such as azimuthal and radial SoPs, are not addressed in
this case.
Additionally, the ability to control the intensity pro-
file along the beam axis (for example, by switching the
intensity of the beam center on and off or changing its in-
tensity level with propagation) has not been shown. As a
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2consequence, the previous techniques were only suitable
for beams propagating in lossless media, that is, they
did not provide means for generating optical beams that
can overcome the propagation losses encountered in an
absorbing medium.
In this work, we propose a systematic method to
control both the SoP and the intensity profile of non-
diffracting beams along the propagation direction even
in the presence of medium absorption. Our proposed
method relies on the Frozen Waves (FWs) theory.
Frozen Waves are class of non-diffracting beams whose
intensity profile can be controlled along the propaga-
tion direction. They consist of a superposition of co-
propagating Bessel beams whose parameters are method-
ically chosen based on the desired intensity variation, as
outlined in the following section. The analytical formu-
lation of the theory provides a systematic way to design
complex field structures with unusual characteristics. For
instance, the FW method has been successfully applied
to engineer several field characteristics, such as longitu-
dinal intensity [20–27] and transverse intensity patterns
[27, 28], in addition to controlling the topological charge
with propagation [29] and generating spiraling and snake-
like beams [28]. Furthermore, FW beams have been gen-
erated in both lossless and lossy media [24, 30–32] and
can be dynamically modulated over time [33].
The recent extension of the theory of FWs to account
for vector beams with various polarization states [34]
opens the possibility of using these waves to also manip-
ulate the polarization of a beam along its propagation.
Here, we show how superpositions of FWs provide a sys-
tematic way to arbitrarily control the SoP and the inten-
sity profiles of the resulting beam along its propagation,
in lossless and lossy media. This is done by superposing
multiple FWs with different SoPs whose contributions to
the resulting beam are weighted along the propagation
direction [35], thus varying the resulting SoP.
The validity and feasibility of the method are corrob-
orated by three sets of experimental results obtained us-
ing an amplitude-only SLM. While our proposed method
is based on analytical closed-form expressions, it is also
compatible with other techniques that use FWs to ma-
nipulate other beam’s characteristics, such as transverse
profile and topological charge, thus proving to be a pow-
erful and versatile tool for other advanced classes of struc-
tured light.
This paper is organized as follows: in section II we
summarize the FW theory and develop our proposed
method for intensity and SoP control. In section III,
we illustrate the method with a simulated example for
FW beam in a lossy medium with varying intensity and
SoP profiles. In section IV, we show and discuss the
experimental results; and in section V we present our
conclusions.
II. THEORETICAL MODEL
A FW consists of a superposition of equal-frequency
co-propagating Bessel beams (BBs) whose longitudinal
intensity profile can be arbitrarily controlled [20, 21, 24,
30]. Here, the term longitudinal intensity profile refers to
the evolution of the intensity of the beam center over con-
secutive planes along the direction of propagation. The
desired longitudinal profile, given by |F (z)|2 in the in-
terval 0 ≤ z ≤ L, is imprinted on a cylindrical surface
of radius ρ0 by using higher-order BBs or on the propa-
gation axis with spot size ∆ρ0 by using zero-order BBs.
The general form of a scalar FW in a lossy medium with
refractive index n = nr + ini is
Ψ(ρ, φ, z, t) = e−iωtNν
M∑
m=−M
AmJν(hmρ)e
iνφeiβmz (1)
where Nν = 1/[Jν(·)]max has the same unit of Ψ and
[Jν(·)]max denotes the maximum value of the Bessel func-
tion of the first kind Jν(·). The longitudinal (βm =
βrm + iβim) and transverse (hm, real) wavenumbers are
related by the expressions [36]
βrm = Q+
2pim
L
(2)
βim =
ω2
c2
nrni
βrm
(3)
hm =
√
k2 − β2m (4)
where k = nω/c = kr + iki is the complex wavenum-
ber and Q is a constant that determines ρ0 if ν 6= 0
(via the first solution of ∂∂ρ [Jν(h0ρ)]|ρ=ρ0 = 0) or ∆ρ0 if
ν = 0 (via ∆ρ0 ≈ 2.4/h0). Superposing BBs with differ-
ent wavenumbers (spatial frequencies) leads to a beating
effect in the intensity profile of the envelope along the
z-direction via interference. By carefully choosing the
complex amplitude Am of each BB, it is possible to engi-
neer this interference phenomenon to result in the desired
intensity profile. The coefficients Am are given by [37]
Am =
1
L
∫ L
0
F (z)eβi0ze−i
2pim
L z dz (5)
so that Ψ(0, φ, z) ≈ eiQzF (z) for ν = 0 or Ψ(ρ0, φ, z) ≈
eiQzF (z) for ν 6= 0. In the electromagnetic case, a scalar
FW is assigned to the desired transverse electric field
component, with the minor constraint that for azimuthal
and radial polarizations the FW has azimuthal symmetry
and, as a consequence, can only be of order 1. [34] The
longitudinal electric field component is calculated using
Gauss’s law (for source-free homogeneous media, it is ~∇·
~E = 0) and the magnetic field is then obtained from
Faraday’s law ( ~B = − iω ~∇ × ~E) [38]. An azimuthally
polarized FW, for example, has the form ~E = Eφφˆ with
Eφ = e
−iωtN1
M∑
m=−M
AmJ1(hmρ)e
iβmz (6)
3and has no other electric field components. [34] A radially
polarized FW, on the other hand, is written ~E = Eρρˆ+
Ez zˆ with [34]
Eρ = e
−iωtN1
M∑
m=−M
AmJ1(hmρ)e
iβmz (7)
Ez = e
−iωtiN1
M∑
m=−M
hm
βm
AmJ0(hmρ)e
iβmz (8)
In addition, a linearly polarized FW of order ν in the
xˆ or yˆ direction has the form [34]
~E = E⊥
(
xˆ
yˆ
)
+ Ez zˆ (9)
E⊥ = e−iωtNν
M∑
m=−M
AmJν(hmρ)e
iνφeiβmz (10)
Ez = e
−iωtNν
M∑
m=−M
Ame
iβmzeiνφ
×
[(
sinφ
− cosφ
) ν
ρβm
Jν +
(Jν−1 − Jν+1)
2
i
(
cosφ
sinφ
)hm
βm
]
(11)
where the brackets notation is used to distinguish the
terms corresponding to each direction and Jν ≡ Jν(hmρ).
Any polarization state in the Poincare´ sphere can be ob-
tained by combining orthogonal linearly polarized FWs
with suitable complex amplitudes ax and ay, that is,
~E = (axxˆ + ay yˆ)E⊥ + Ez zˆ where Ez is a combination
of results of the type (11).
The key to understand how FWs can be used to con-
trol the polarization of a beam along its propagation di-
rection is to notice that the SoP and the longitudinal
intensity profile of a FW are decoupled. This means that
any desired polarization state is compatible with any ar-
bitrary longitudinal intensity profile. Additionally, the
transverse characteristics of each FW can also be tailored
by suitable choices of its order [39] and spot size (for zero
order) or radius (for higher orders), via the value of Q.
As a consequence, the following procedure may be used
to generate a beam with desired polarization and inten-
sity profiles along the propagation direction:
1. Define the intervals in which the beam will posses
a particular polarization state;
2. Define the desired longitudinal intensity profile
within each interval;
3. For each interval, assign a FW with the necessary
phase, polarization and intensity patterns, making
its intensity negligible outside of it.
4. For the experimental generation, decompose each
FW into its x- and y-polarized components.
In step 3, the transverse characteristics of the FWs are
determined by choosing their spot sizes or radii and their
orders, which define their topological charges. A more
advanced control can be achieved by combining different
FWs with the same polarization but different longitudi-
nal intensity profiles, spot sizes or radii and orders, as
presented in other works [27–29]. The step 4 is neces-
sary for generating the resulting field using an SLM, as
further explained in Sec. IV.
This approach allows both abrupt and continuous lon-
gitudinal variations in the SoP. If the intensity profiles
of FWs with different polarizations do not overlap along
the longitudinal direction, the result will be a pattern
with abrupt changes. On the other hand, the change will
be continuous wherever there is an overlap. Since the
complex amplitude of each FW is determined by F (z),
we have total freedom in composing these variations. As
an example, we may combine two linearly polarized FWs
with orthogonal electric field components such that, by
adjusting F (z) of each, the resulting SoP may undergo
any trajectory in the Poincare´ sphere as the propagation
distance increases.
III. EXAMPLE IN A LOSSY MEDIUM AND
DISCUSSIONS
To illustrate the outlined procedure, we present an ex-
ample with abrupt polarization and intensity variations
in an absorbing medium, which is assumed to have a com-
plex refractive index of n = nr + ini = 2 + i7.5 × 10−7
at the wavelength λ = 532 nm. The total interval in
which the field is to be modeled ranges from z = 0 to
z = L = 17 cm and all the FWs used have order ν = 1,
with M = 30 and Q = 0.9999kr, resulting in a constant
radius of ρ0 ≈ 6.56µm.
Since all the FWs have order ν = 1, we can introduce
a compact notation for the resulting electric field:
~E(ρ, φ, z, t) = Exxˆ+ Ey yˆ (12a)
Eu(ρ, φ, z, t)|u=x,y = e−iωt
N∑
p=1
Gup(φ)
M∑
m=−M
ApmJ1(hpmρ)e
iβpmz
(12b)
where N is the number of superposed FWs and Gup(φ)
is a morphological function with the azimuthal depen-
dence, which is eiφ for linear polarization (due to the
structure of linearly-polarized FWs) and cos(φ) or sin(φ)
when decomposing other states of polarization, such as
radial and azimuthal, into their x- and y-polarized com-
ponents. Additionally, each FW has a function Fp(z)
that defines its longitudinal intensity profile. Notice that
this notation is just another representation that is used
here to write the superposition of FWs in a compact way
and is in total agreement with the theory in Sec. II.
In this example, the desired characteristics of the total
field are:
1. For 0 ≤ z < 5 cm, the polarization is linear in the
4x-direction and the intensity is constant and equal
to 1 arb. units.
2. For 5 cm ≤ z < 10 cm, the polarization is az-
imuthal and the intensity is constant and equal to
2 arb. units.
3. For 10 cm ≤ z < 15 cm, the polarization is ra-
dial and the intensity is constant and equal to
3 arb. units.
4. For 15 cm ≤ z < 17 cm, the field is negligible over
the cylindrical surface.
Therefore, the beam should be composed of three FWs:
the first with linear polarization in the x-direction and
F1(z) = 1 within 0 ≤ z < 5 cm; the second with az-
imuthal polarization and F2(z) =
√
2 within 5 cm ≤
z < 10 cm; and the third with radial polarization and
F3(z) =
√
3 within 10 cm ≤ z < 15 cm. Outside the men-
tioned intervals, the FWs have Fp(z) = 0, which means
that their inner rings are designed to switch-off over this
region. In the notation of Eq. (12), we have Gx1 = e
iφ,
Gy1 = 0, Gx2 = − sin(φ), Gy2 = cos(φ), Gx3 = cos(φ),
Gy3 = sin(φ) and
F1(z) = 1 , F2(z) = 0 , F3(z) = 0 for 0 cm ≤ z < 5 cm
F1(z) = 0 , F2(z) =
√
2 , F3(z) = 0 for 5 cm ≤ z < 10 cm
F1(z) = 0 , F2(z) = 0 , F3(z) =
√
3 for 10 cm ≤ z < 15 cm
F1(z) = 0 , F2(z) = 0 , F3(z) = 0 elsewhere
(13)
Fig. 1 depicts the obtained intensity patterns for each
of the superposed FWs and shows that the desired abrupt
changes in the polarization occur exactly at the pre-
scribed longitudinal positions. Since the curves overlap a
little, the actual transitions are continuous. These brief
overlaps could be reduced by further increasing the value
of M of each FW.
The resulting 3D intensity profile of the transverse elec-
tric field is shown in Fig. 2 and is in agreement with Fig.
1. Notice that 15 cm is more than twice the penetration
depth [24] 1/(2ki) ≈ 6.71 cm of an ordinary beam propa-
gating in the same medium. Despite that, not only does
the obtained pattern overcome the propagation losses,
but it also follows the desired intensity profile, thus con-
firming the attenuation-resistant feature of the FWs [32].
Moreover, note that the field has a good transverse local-
ization with progressively less intense lateral rings, which
is also characteristic of a FW.
Fig. 3 shows how the SoP and the amplitude of the
real transverse electric field (|Re[ ~E⊥]|) change when z
increases and the time is fixed at t = 0. Indeed, we see
the abrupt variations in both polarization and amplitude
predicted by Fig. 1, in agreement with the desired char-
acteristics. Such abrupt transitions are made possible
by including large number of BBs in the superposition
(M = 30), some of which have higher spatial frequencies
FIG. 1. Obtained intensity patterns of the FWs in each in-
terval for the example given. We see that the contribution of
only one FW dominates inside each region.
FIG. 2. Intensity of the transverse electric field, | ~E⊥|2, of the
example given, which is in agreement with the desired abrupt
intensity changes.
to construct sharp variations in the longitudinal intensity
profile.
Notice that Fig. 3 does not depict the intensity pattern
of the transverse field (| ~E⊥|2), but actually the amplitude
of the real transverse field (|Re[ ~E⊥]|2). Therefore, in
the case of the linear polarization, the phase of the form
ei(φ+βz) of the complex field becomes cos(φ+ βz) after
taking the real part, thus generating a pattern with two
petals. However, the intensity pattern of the transverse
field is ring-shaped, as the ones of azimuthal and radial
polarizations [40].
By merely observing the transitions in the state of the
central ring in Fig. 3, one might argue that the energy
and the momenta (linear and angular) of the beam are
not conserved, but in fact no physical law is violated.
The unusual evolution of the beam is due to a continuous
spatial redistribution of these quantities due to the inter-
5FIG. 3. Polarization and amplitude of the real transverse electric field (|Re[ ~E⊥]|) as z increases for the given example, with
the time is fixed at t = 0. Inside 0 cm ≤ z < 5 cm, the field has linear polarization in the x-direction and an amplitude of 1 arb.
units. Then, at z = 5 cm, the polarization changes to azimuthal and the amplitude becomes
√
2 arb. units (corresponding to
an intensity of 2 arb. units). These characteristics are kept until z = 10 cm, where the SoP evolves to radial polarization and
the amplitude is increased to
√
3 arb. units (corresponding to an intensity of 3 arb. units). The field is then switched-off at
z = 15 cm and the amplitude of the inner ring becomes negligible afterwards.
ference of BBs, caused by the judicious choice of their
complex amplitudes via Eq. (5). While energy and mo-
menta densities may vary during propagation and give
the impression that they are not conserved locally, the
total quantities remain the same across each transverse
plane. For example, when the beam’s intensity decreases
near the axis after z = 15 cm, it increases along the ra-
dial direction of the field, diffusing the energy and the
momenta far from the axis. This is exactly the essence
behind the theory of FWs: engineering the interference
of BBs to exchange energy and momenta between the
center of the beam and its lateral structure at will.
IV. EXPERIMENTAL GENERATION AND
RESULTS
We experimentally demonstrate three different beam
patterns with control over SoP along the propagation di-
rection. The first two patterns were generated in air,
whereas the third pattern was generated inside a lossy
fluid. The experimental setup is depicted in Fig. 4.
The desired transverse electric field at the initial plane
~E⊥(ρ, φ, z = 0, t) is decomposed into two components
with linear and orthogonal SoP along x and y directions.
Each component, Ex(ρ, φ, z = 0, t) and Ey(ρ, φ, z = 0, t),
is calculated and transformed into a 2D computer gener-
ated hologram (CGH) that is mapped onto one part of
the SLM. Here, we used the HOLOEYE LC2012 SLM,
which has a twisted nematic liquid crystal transmissive
screen that operates in the amplitude-only mode. The
SLM screen is divided into two adjacent sections, each
being addressed independently by Ex and Ey. A 532
nm collimated laser beam with linear polarization along
the vertical axis y is split into two beams via the beam
splitter ‘BS1’. The first beam, which is now y-polarized,
passes through the right side of the SLM. The second
beam passes through a half wave plate (HWP) that is ro-
tated at an angle of 45◦ with respect to the vertical axis.
This rotates the polarization state of the beam by an an-
gle of 90◦ (i.e. rotating it to the orthogonal direction x).
Such beam, now x-polarized, then passes through the left
side of the SLM. Due to the twisted nematic nature of
the SLM, the output patterns encoded from the CGHs
on the right and left sides of the SLM then pass through
polarizers oriented at 90◦ and 0◦ with respect to the ver-
tical axis, respectively. This helps to clean the encoded
patterns from unwanted polarizations and generate high
contrast images.
It should be noted that we have used an ampli-
tude mask to express the complex transmission function
Eu(ρ, φ, z = 0, t)|u=x,y. The hologram equation can be
mathematically expressed as
H(x, y) =
1
2
{β(x, y)+α(x, y) cos[Φ(x, y)−2pi(u0x+v0y)]}
(14)
where α(x, y) and Φ(x, y) are the amplitude and phase
of Eu(ρ, φ, z = 0, t), respectively. A bias function β(x, y)
is chosen as a soft envelope for the amplitude α(x, y) and
is given by β(x, y) = [1 + α(x, y)2]/2 [22, 23, 29, 32].
The two output beams, with orthogonal polarization
states, are then combined via the beam splitter ’BS2’,
6FIG. 4. Experimental setup used to demonstrate longitudinal control of the polarization state and intensity. An amplitude-only
transmissive spatial light modulator is addressed by a computer generated hologram that is designed at 532 nm wavelength.
Two collimated beams with linear and orthogonal polarization states are incident on the SLM screen, where each beam is
encoded on one half of it. The output patterns are combined and then filtered using a 4-f system. The combined beam is then
detected by a CCD camera along the beam axis. For the case of beam propagation inside a lossy fluid, the CCD camera is
immersed inside the container while covered by a waterproof case. A polarizer is used to analyze the polarization state at the
plane of the CCD camera. Here, BE is the beam expander, BS refers to the beam splitter, BC is the beam combiner, M refers
to the mirrors, HWP is the half wave plate, Pol refers to the polarizers, and SLM is the spatial light modulator.
resulting in the vector waveform ~E(ρ, φ, z, t). The result-
ing beam is then imaged and filtered using a 4-f sys-
tem (with f = 20 cm) and an iris. For efficient filter-
ing, we superpose a plane wave exp[2pii(u0x+ v0y)] on
the computer generated hologram. This shifts the en-
coded pattern off-axis to the spatial frequencies (u0, v0)
in the Fourier plane; thus making it easier to filter out the
shifted pattern from the undesired on-axis noise by using
an iris. The parameters u0 and v0 were set to 3/(16∆x),
where ∆x is the SLM pixel pitch (36µm). The filtered
pattern is then imaged back at the focus of ‘Lens2’ which
we refer to as the z′ = 0 plane. We note that this plane
maps to an actual propagation distance of 20 cm along
the beam axis, as this is the approximate distance it prop-
agates after the SLM and before it is imaged by the 4-f
system. The evolution of the generated waveform is then
recorded using a CCD camera along the beam axis either
in air or inside a lossy fluid. At each plane of detection,
the polarization state of the measured beam is analyzed
by a polarizer oriented at 0◦, 90◦, 45◦, and 135◦, with
respect to the vertical axis y, to verify the change in the
SoP with propagation.
We have experimentally generated three different beam
patterns with M = 5. Accordingly, each of the x- and
y-polarized components Ex and Ey of the FWs consists
of 2M + 1 = 11 equal-frequency Bessel beams of order
ν = 1 with equally spaced longitudinal wavenumbers. We
assigned values of 0.999995kr and 0.9999978kr to the pa-
rameter Q for the FWs generated in air and in the lossy
fluid, respectively. By doing so, the generated Bessel
beams possess transverse wavenumbers that are compat-
ible with the spatial bandwidth of the available SLM. In
all cases, we set L = 1 m. Here, we will use the same
compact notation adopted in Sec. III.
In the first pattern, generated in air, we show con-
trol over the SoP while the longitudinal intensity pro-
file is kept constant along the propagation by super-
posing three different FWs. Their morphological func-
tions are Gx1(φ) = e
iφ, Gy1(φ) = 0, Gx2(φ) = cos(φ),
Gy2(φ) = sin(φ), Gx3(φ) = 0, Gy3(φ) = e
iφ and their
functions Fp(z) are
F1(z) = 1 , F2(z) = 0 , F3(z) = 0 for 0 cm ≤ z′ < 10 cm
(x-polarization)
F1(z) = 0 , F2(z) = 1 , F3(z) = 0 for 10 cm ≤ z′ < 25 cm
(radial polarization)
F1(z) = 0 , F2(z) = 0 , F3(z) = 1 for 25 cm ≤ z′ < 35 cm
(y-polarization)
F1(z) = 0 , F2(z) = 0 , F3(z) = 0 elsewhere
(15)
where the resulting polarization is indicated under each
interval.
According to these parameters, the resulting beam has
the following properties: it is x-polarized over the range
0 cm ≤ z′ < 10 cm, since only the Ex of the first FW is
significant near the beam center, with all the contribu-
tions to Ey and Ex of the other FWs being stored in the
outer rings, away from the axis; then, the beam becomes
radially polarized over the range 10 cm ≤ z′ < 25 cm,
having equal in-phase contributions from Ex and Ey [41];
afterwards, the SoP becomes y-polarized over the range
25 cm ≤ z′ < 35 cm, which is done by switching off the
contributions of Ex; finally, all the FWs are switched-off
by assigning them F (z) = 0 after the previous interval, so
7FIG. 5. Normalized intensity profiles of the measured beam for the first example (generated in air). The top row indicates the
analyzer angle used before the CCD camera to verify the change in SoP with propagation and the leftmost column indicates
the desired SoP. The angles are measured with respect to the vertical axis y. The beam is linearly polarized in the x-direction
over the range of 0 cm ≤ z′ < 10 cm, before the SoP evolves to radial polarization, which is observed at z′ = 17 cm. Then,
the SoP is changed to linear polarization in the y-direction, as seen at z′ = 28 cm. Finally, the beam center is switched-off, as
shown at z′ = 38 cm. In all the SoPs, the longitudinal intensity profile is kept constant along the beam axis, as seen in the first
column (“No Analyzer”).
that the inner ring vanishes because the energy is stored
away from the center of the beam into the outer rings
via an inverse self-healing process. The evolution of the
transverse profile of the resulting beam recorded with the
CCD camera at different propagation distances is shown
in Fig. 5.
The arrows in the left column indicate the predefined
SoP of the beam, whereas the arrows in the top row de-
pict the analyzer angle. As discussed, the beam exhibits
linear SoP in the x-direction at z′ = 5 cm. This is evident
by looking at the transverse intensity profile, which is at
maximum level when the analyzer is oriented along the
x-direction (90◦ with respect to the vertical axis y). In
contrast, the recorded intensity becomes negligible when
the analyzer is in the orthogonal direction (along the y-
direction) and reaches approximately half the intensity
level in between. Afterwards, at the distance of 17 cm,
the SoP is altered and the beam becomes radially polar-
ized. This is verified by looking at the intensity profile,
which now has the form of two petals recording maximum
intensity level along the analyzer axis and zero intensity
in the orthogonal direction. Then, at z′ = 28 cm, the SoP
is y-polarized, as shown by the results in the third row,
which represent the complementary scenario of the first
row (z′ = 5 cm). Finally, the beam center is switched-off,
as observed at z′ = 38 cm. Notice that the peak intensity
is kept constant during propagation, as seen in the “No
Analyzer” column.
From Fig. 5, it can also be observed that the inten-
sity of the outer rings changes with propagation. This
is a typical behavior that results from interfering mul-
tiple Bessel beams with different (transverse) wavenum-
bers. The outer rings observed at z′ = 5 and 17 cm get
focused throughout propagation and are responsible for
constructing the y-polarized inner ring at z′ = 28 cm.
When the inner ring is designed to switch off, for exam-
ple at the plane z′ = 38 cm, the energy in the inner ring
is redistributed to the outer rings again. At this same
position, the outer rings that were responsible for the x-
polarized part of the beam cannot be observed, as they
already interfered previously and are spread outside of
the observation window.
This example demonstrates that our approach of con-
trolling the intensity of FWs with propagation makes it
possible to change the SoP of the beam in a system-
atic manner as it propagates, while keeping the same
intensity level. Indeed, this approach is very flexible and
allows the generation of numerous other interesting pat-
terns along the longitudinal direction. For instance, in
the second pattern generated in air, we show the pos-
sibility of controlling both the SoP and longitudinal in-
tensity profile along the beam axis. In this scenario, Ex
8FIG. 6. Normalized intensity profiles of the measured beam for the second example (generated in air). The top row indicates
the analyzer angle used before the CCD camera to verify the change in SoP with propagation and the leftmost column indicates
the expected SoP. The angles are measured with respect to the vertical axis y. The beam is linearly polarized in the y-direction
over the range 0 cm ≤ z′ < 10 cm before it is switched-off for the interval 10 cm ≤ z′ < 25 cm. Then, it is made to retain a
linear polarization in the x-direction with double the original intensity level over the range 25 cm ≤ z′ < 35 cm, after which the
beam is switched-off again.
and Ey are designed to exhibit different intensity levels
by using two linearly-polarized FWs with orthogonal po-
larizations. The morphological functions are Gx1 = 0,
Gy1 = e
iφ, Gx2 = e
iφ, Gy2 = 0 and their functions Fp(z)
are
F1(z) = 1 , F2(z) = 0 for 0 cm ≤ z′ < 10 cm
(y-polarization)
F1(z) = 0 , F2(z) = 0 for 10 cm ≤ z′ < 25 cm
F1(z) = 0 , F2(z) =
√
2 for 25 cm ≤ z′ < 35 cm
(x-polarization)
F1(z) = 0 , F2(z) = 0 elsewhere
(16)
where the resulting polarization is indicated below each
interval.
Accordingly, the generated beam is y-polarized over
the range 0 cm ≤ z′ < 10 cm, since it mainly has the
contribution of Ey in the beam center. Then, in the in-
terval 10 cm ≤ z′ < 25 cm, the beam is switched-off by
assigning Fp(z) = 0 to both Ex and Ey. Afterwards, it
becomes x-polarized over the range 25 cm ≤ z′ < 35 cm.
This is done simultaneously to an intensity level increase,
such that it becomes double the value in the first inter-
val. Finally, the beam center is made to switch-off by
assigning a value of 0 for Fp(z) of both components Ex
and Ey. The evolution of the transverse profile of the re-
sulting beam recorded with the CCD camera at different
propagation distances is shown in Fig. 6.
As discussed, the beam exhibits linear SoP in the y-
direction at z′ = 5 cm, which is evident from the trans-
verse intensity profile that records maximum level when
the analyzer is oriented along the y-direction and negli-
gible intensity along the orthogonal direction. The beam
center is then switched-off, as shown at z′ = 17 cm, be-
fore it is switched-on again at twice the intensity level
with an SoP in the x-direction, as shown at z′ = 28 cm.
Finally, the beam center is switched-off, as observed at
z′ = 38 cm.
In order to demonstrate the attenuation-resistance
property of FWs, we present the third and last exam-
ple, in which the beam changes its SoP from x-polarized
to y-polarized while keeping a constant intensity level
throughout propagation inside a lossy fluid, thus over-
coming absorption. The fluid was prepared by adding
a few drops of propylene glycol, citric acid and sodium
benzoate to 4 L of water. The resulting fluid has a com-
plex index of refraction given by n = 1.4 + i0.5× 10−6 at
532 nm.
Here, Ex and Ey are engineered to maintain the same
intensity level despite propagation losses. As mentioned
in the footnote [37], attenuation-resistance is achieved
by accounting for the medium losses when calculating
the complex coefficients Apm via Eq. (5), which is done
9FIG. 7. Normalized intensity profiles of the measured beam for the third example (generated in a lossy fluid). The top row
indicates the analyzer angle used before the CCD camera to verify the change in SoP with propagation and the leftmost
column indicates the expected SoP. The angles are measured with respect to the vertical axis y. All the columns not under the
label “No Analyzer” refer to the attenuation-resistant beam. The beam is linearly polarized in the x-direction over the range
0 cm ≤ z′ < 15 cm. Then, it is made to posses a linear polarization in the y-direction with the same intensity level over the
range 15 cm ≤ z′ < 30 cm, thus overcoming propagation losses. This can be better seen by comparing the two columns under
the label “No Analyzer”, the first of which presents the same beam without the loss compensation when choosing the complex
amplitudes of the BBs.
by appending the exponential term eβi0z to F (z). The
morphological functions are given by Gx1 = e
iφ, Gy1 = 0,
Gx2 = 0, Gy2 = e
iφ and Fp(z) is defined as

F1(z) = 1 , F2(z) = 0 for 0 cm ≤ z′ < 15 cm
(x-polarization)
F1(z) = 0 , F2(z) = 1 for 15 cm ≤ z′ < 30 cm
(y-polarization)
F1(z) = 0 , F2(z) = 0 elsewhere
(17)
According to these parameters, the generated beam is
x-polarized over the range 0 cm ≤ z′ < 15 cm, since it
mainly has the contribution of Ex in the beam center.
Then, in the interval 15 cm ≤ z′ < 30 cm, the polariza-
tion is rotated such that the beam becomes y-polarized.
This is done while maintaining the same intensity level
along propagation inside the lossy fluid. The evolution
of the transverse profile of the resulting beam recorded
with the CCD camera at different propagation distances
is shown in Fig. 7.
The transverse intensity pattern of the generated
attenuation-resistant beam at different longitudinal po-
sitions is depicted in the second column under the la-
bel “No Analyzer” of Fig. 7. It is also contrasted with
the intensity of a non-attenuation-resistant version of the
FW superposition, that is, the same beam but without
using the attenuation compensation technique when cal-
culating the coefficients Apm. In other words, they are
calculated without the term eβi0z in Eq. (5).
The evolution of the intensity pattern of this beam is
shown in the first column under the label “No Analyzer”.
It is observed that its intensity decays exponentially with
propagation due to medium absorption. This effect is
clearly mitigated for the beam in the second column.
Such attenuation-resistant property is a result of inten-
sified self-healing process in which the outer rings of the
beam act as an energy reservoir that intensify the central
ring continuously with propagation—a result of the term
eβi0z in Eq. (5). For example, in Fig. 7, the outer rings of
the beam at z′ = 0 cm for the attenuation-resistant beam
are clearly pronounced when compared to the case of
the ordinary beam. These rings are mainly y−polarized,
as shown in the third column (under the “0◦ Analyzer”
recordings). The energy in these rings is focused to in-
tensify the central part of the beam throughout propaga-
tion. We note that such intensified self-healing behavior
has been previously reported in [32, 42–45].
In order to investigate the transition of the beam from
x−polarization to y−polarization, the beam evolution
has been recorded around the z′ = 15 cm plane. The
results are depicted in Fig. 8. It is observed that the
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FIG. 8. Normalized intensity profiles of the measured beam for the third example (generated in a lossy fluid) taken at three
consecutive planes around the SoP transition: z′ = 14, 15, and 16 cm, for different analyzer angles. The figure depicts the
transition of the beam from x−polarization to y-polarization.
x−polarized component of the beam washes away and
diffuses to the outer rings with propagation, as observed
in the column labeled “90◦ Analyzer”. Meanwhile, the
y−polarized component focuses and becomes more sig-
nificant in the center, as observed in the column labeled
“0◦ Analyzer”. Since the available SLM only allows us to
use 11 BBs in the superposition (M = 5), such transition
was not very abrupt in comparison with the simulation
results reported in Fig. 3 (in which M was set to 30).
A few remarks are in order. First, using our pro-
posed method, abrupt transitions in the SoP can be read-
ily achieved by incorporating BBs with high spatial fre-
quencies in the superposition, as theoretically shown in
Sec. III. Experimentally, this requires using SLMs with
small pixel pitch. Second, the method we presented
here to control the SoP and the intensity profile along
propagation is compatible with the techniques of previ-
ous works on FWs that demonstrated control over other
field characteristics (such as its transverse profile [27]
and topological charge [29]) and that showed propaga-
tion along off-axis trajectories [28], thus allowing an ad-
ditional simultaneous manipulation of other beam’s prop-
erties. Finally, it is worth noting that FWs possess addi-
tional compelling features such as self-reconstruction and
diffraction-resistance, which are inherent characteristics
of Bessel beams.
V. CONCLUSIONS
We theoretically showed and experimentally demon-
strated how a superposition of Frozen Waves (FWs) al-
lows the arbitrary and simultaneous control of the polar-
ization state and the intensity of the resulting beam as
it propagates. Our technique provides a systematic and
versatile method to engineer the longitudinal characteris-
tics of a field in lossless and lossy media and, if combined
with other FWs techniques, to also provide control over
the beam’s transverse structure. This can address many
challenges in applications that benefit from the manipu-
lation of diffraction-attenuation-resistant beams. In par-
ticular, our approach to control the state of polarization
with propagation can be useful for material processing,
polarimetry, microscopy and optical communications, to
name a few.
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